Abstract. The LIGO collaboration recently reported the first gravitational-wave constraints on the tidal deformability of neutron stars. I discuss an inherent ambiguity in the notion of relativistic tidal deformability that, while too small to affect the present measurement, may become important in the future. I propose a new way to understand the ambiguity and discuss future prospects for reliably linking observed gravitational waveforms to compact object microphysics.
Introduction
Just two years after the beginning of operations, the advanced Laser Interferometer Gravitational-Wave Observatory (LIGO) is not only meeting, but vastly exceeding expectations. Binary black hole (BH) mergers have been louder and more frequent than expected [1] [2] [3] and the recent spectacular detection of a neutron star (NS) merger [4] , complete with counterparts across the electromagnetic spectrum [5] , has inaugurated a new era of multi-messanger astronomy. Among the most exciting of upcoming possibilities is the prospect of studying the fundamental properties of matter at nuclear density by constraining the neutron star equation of state [6] . The equation of state determines the tidal deformability of neutron stars, which in turn influence the phasing of the gravitational waveform. The first step towards realizing this dream was taken in Ref. [4] , where posterior distributions for certain tidal deformability parameters Λ 1 and Λ 2 were reported.
Ref. [4] also took the second step of comparing these results to theoretical calculations of the deformability Λ. In this paper I will argue that the parameter Λ of theoretical calculations is not necessarily the same Λ appearing in waveform models. The origin is a fundamental ambiguity in the notion of relativistic tidal deformability. The discrepancy is almost certainly much smaller than the uncertainty in this first measurement, but nevertheless demands attention as we move into the era of gravitational-wave astronomy. As measurement accuracy improves, it will become necessary to confront the ambiguity before measurements of Λ 1 and Λ 2 can be translated into precise constraints on the behavior of matter at nuclear density.
The basic problem of principle is well known [7] [8] [9] [10] : in the Post-Newtonian (PN) equations of motion for a compact binary, the tidal deformability parameters first appear at 5PN order, where the remaining terms are unknown. A rigorous demonstration of the leading effects of tidal deformability will have to await further developments in the PN expansion. In the meantime, one can rely on the intuition that, since these terms are qualitatively different from the unknown terms, their effect in the waveform should be correctly captured by simply adding them in, without including the full 5PN expression. One simply adds in the terms that can be derived for an intrinsic quadrupole, replacing the intrinsic quadrupole moment with the induced quadrupole moment as characterized by Λ 1 and Λ 2 (e.g. [6] and references therein). This provides an observational definition of Λ 1 and Λ 2 , which is effectively that recently used by LIGO.
Unfortunately, it is not obvious how this observational definition connects back to theoretical definitions. For a Newtonian star, there is no ambiguity in the theoretical definition and it seems clear that it will agree with the observational one. A main purpose of this note is to call attention to an ambiguity in the case of a relativistic star that calls this identification into doubt. Because there is no preferred coordinate system in a relativistic system, one cannot define the quadrupole moment as an integral over the mass density in the usual way. For isolated stars one can instead define a quadrupole moment by the asymptotic behavior of the field, but this strategy fails for induced quadrupole moments, where the tidal field perturbation is not asymptotically flat. Previous work [8, [11] [12] [13] has fixed the ambiguity by adopting a preferred choice of coordinate system or a preferred solution of the linearized Einstein equation.
Ultimately, these ambiguities can only be cleared up by performing the whole calculation of the waveform, complete with neutron star microphysics, in a single computational framework. In the mean time, I suggest here a simple way of understanding the ambiguities and thereby framing the discussion. The key point is that while the perturbed metric of a compact object immersed in a weak tidal field is not asymptotically flat, the difference between the metric perturbations of two different objects with the same mass is indeed asymptotically flat. The multipole moments of this "difference metric" can then be invariantly defined in the usual way [14] [15] [16] [17] , and might be called the "induced moment differences". This makes clear that the ambiguity is not so bad as it first might seem; it is just a single overall constant for each moment.
How then, should one fix the free constant? The standard definition corresponds to the insistence that black holes do not develop induced quadrupoles. Personally, I do not find this choice particularly compelling. A spinning black hole develops a quadrupole moment like any other body, and one would expect a tidal field to have the same effect. Furthermore, the vanishing of a coefficient with no associated symmetry is unnatural from the effective field theory point of view [18] . However, there is no obvious alternative choice of coefficient, and ultimately, one's preferred definition is simply a matter of taste.
Of course, matters of taste do not influence the outcomes of experiments. My position, therefore, is that one should regard the standard induced moments as encoding the difference between the tidal response of a neutron star and that of a black hole of the same mass, and attempt to move forward using this understanding. In particular, one could imagine considering the difference between the full 5PN equations of motion for binary black holes and for binary neutron stars. It is then plausible that, though the full expression is unknown, upon taking the difference only the tidal terms will survive, with only the induced quadrupole moment difference appearing. This could be attributed to the theoretically-defined induced quadrupole moment difference with some degree of confidence. Going further, one could attempt to measure the value of the observationally-defined Λ for a black hole and thereby fix the free constant. In this way, neutron star waveforms are consistently calibrated with respect to black hole physics. A similar strategy was pursued recently in Ref. [19] .
The remainder of this paper is organized as follows. In Sec. 2, I review the Newtonian approach and the relativistic ambiguity. In Sec. 3 , I more carefully analyze the ambiguity in a relativistic framework and estimate its size. In Sec. 4, I discuss the notion of tidal deformability differences. In Sec. 5, I discuss effects on the waveform.
Newtonian Definition and Relativistic Ambiguity
In Newtonian physics, the induced quadrupole is just the quadrupole moment of the density perturbation. Consider immersing an initially static, spherically symmetric body Here C is the stellar compactness. This parameter Λ is natural in the relativistic setting since the stellar radius does not appear, i.e. Λ = λ/M 5 in units where G = c = 1. We henceforth set G = c = 1.
For a relativistic star, the definition (1)-(3) becomes ambiguous due to the coordinate freedom of general relativity: When integrating over the body in Eq. (2), which coordinate system is to be used? For isolated bodies, this problem can be solved by instead defining the moment according to the asymptotic behavior of the field [14] [15] [16] . Attempting a similar strategy here, one might begin by noting that, in Newtonian physics, the field is given by
where we introduce n i = x i /r. Given that −(1 + g 00 )/2 plays the role of a Newtonian potential, one might propose to write
where the dots (. . . ) allow for intervening powers of r (i.e. relativistic corrections) between the r 2 tidal field and the r −3 response. In this proposal one solves a relativistic stellar structure model in the presence of a tidal field, and infers the induced quadrupole moment from the coefficient of the 1/r 3 term of the time-time component of the metric. Unfortunately, this strategy is just as ambiguous as the first: What coordinate r is to be used? For example, defining [20] 
for some number N, the induced moment changes by
making the deformabilities change by
The full ambiguity is discussed in Sec. 3.1 below.
Relativistic Framework: Detailed Discussion
To lay a foundation for a more careful discussion, I now briefly review of the formal setup for considering a small body in general relativity. More detailed and precise treatments may be found in (e.g.) [21] [22] [23] . We consider a body of typical radius R immersed in an external universe of typical scale of variation R ≫ R and define ǫ = R/R ≪ 1.
Since both scales are important, the problem can be treated in the langauge of matched asymptotic expansions. For r ≪ R, we have the near expansion (ǫ → 0 fixing R),
We will see that g near µν is an asymptotically flat metric representing the gravitational field of the compact object in isolation, while h near µν is a small correction due to the tidal field. Formally, these terms are of order ǫ 0 and ǫ 1 , respectively, in the near expansion. Both are important in this analysis.
For r ≫ R, we have the far expansion (ǫ → 0 fixing R),
Here g far µν is a vacuum spacetime representing the external universe in which the body is embedded, while h near µν is a small correction due to the body field. Formally, these terms are of order ǫ 0 and ǫ 1 , respectively, in the far expansion. Only the background metric g far µν is important in this analysis. The correction h far µν accounts for self-force effects. We assign the body a geodesic γ of the far metric g far µν . The metric can be expanded in local inertial coordinates (t, x i ) where t = 0 is the geodesic and g µν = η µν + O(r 2 ) with r = δ ij x i x j . We use the THZ coordinates [21, 24, 25] , in which
Here E ij (t) and B ij (t) are symmetric trace-free tensor fields, whose indices are raised and lowered with δ ij . Computing the Riemann tensor of this metric, we find
illustrating that E ij and B ij capture the ten components of the Riemann/Weyl tensor of the vacuum external universe. Near a single time t 0 (i.e. |t − t 0 | ≪ R), we may match in the region of overlap R ≪ r ≪ R and thereby constrain the near-zone metric. One finds that the nearzone background and perturbation are both stationary. The background is furthermore asymptotically flat,
while for the perturbation we must have
Notice the consistency of (15) and (16a) with Eq. (7) above. As in the Newtonian case, we assume that the body is initially spherical (i.e., g near µν is static and spherically symmetric). We will also consider the case where the gravitomagnetic tidal field vanishes, B ij = 0. We discuss generalizations in Sec. 4 below.
For a given model of the compact object, our task is to solve the coupled matter and Einstein equations in the near expansion with boundary conditions (16) (here taking B ij = 0). Outside the star where the background metric is exactly Schwarzschild, the matter degrees of freedom are irrelevant and h near µν solves vacuum linearized Einstein equation in the Schwarzschild spacetime. Only the ℓ = 2, even-parity modes of the star will couple to the boundary conditions (16) , and hence only ℓ = 2, even-parity modes will be present in h H µν . The general solution outside the star takes the form h
where C is a constant. The first solution h H µν is regular on the horizon but not at infinity, while the second solution h ∞ µν is regular at infinity but not on the horizon. These conditions define the two solutions invariantly up to overall normalization. We choose the normalization to be adapted to the tidal field boundary condition, i.e.,
This choice completes the definition of the constant C, in particular making it dimensionless. Full expressions for h H µν and h ∞ µν in a convenient coordinate system are given in the appendix.
Coordinate-dependent approach
To connect to the quasi-Newtonian approach (7), we note from Eqs. (A.1a) and (A.2) that in the areal coordinate system and RWZ gauge we have simply
In the areal coordinate system and RWZ gauge, the horizon-
In other coordinate systems, the tidal deformability identified this way would be different. In a new coordinate r ′ related to the areal coordinate r by
the horizon-regular solution h H 00 now makes a contribution to the r −3 term, and the new deformability is
However, Λ turns out to be invariant under the most common changes of coordinates (isotropic coordinates, harmonic coordinates, light-cone gauge), perhaps explaining why discrepancies have not yet arisen in practice. Note that the transformation (22) takes a different form if the initial coordinates are not areal and RWZ. There is no simple, general transformation law for Λ as defined in this way. The ambiguity in the naive tidal deformability is essentially as big as the diffeomorphism freedom itself.
Solution-dependent approach
We noted above that Eq. (17), together with conditions listed below, invariatly defines a constant C for each stellar model. Since C is invariant and reduces to the tidal deformability in the Newtonian limit, why not take this number to be the relativistic tidal deformability? But such a definition would be rather unusual, because it makes the neutron star tidal deformability depend in an essential way on black hole physics. In effect, a physicist attempting to determine the induced quadrupole from the metric near a tidally-perturbed neutron star is asked to analytically continue the field towards a fictitious black hole horizon r H and carefully examine the blow-up of the field to discern the coefficient C. A definition based on Eq. (17)-a convenient split for black hole physics-unduly privileges the black hole in a definition that is supposed to apply to all compact objects. Indeed, it leads directly to the conclusion that the black hole tidal deformability vanishes.
This type of definition could similarly be made with reference to a different family of compact objects paramterized by the mass M. To pick a definite example, let us suppose that APR-stars [26] are to be afforded this privileged status. We can then invariantly define solutionsĥ 
together with (i) both solutions are ℓ = 2 and even parity; (ii)ĥ O µν is regular at the origin when continued into an APR-star; (iii)ĥ ∞ is regular at infinity; (iv) the normalization choice analogous to (24) is made,
This defines a dimensionless constantĈ for any stellar model, which reduces to the tidal deformability in the Newtonian limit. Is this, then, the relativistic tidal deformability? Of course not. A definition based on Eq. (23)-a convenient split for APR-star physicsunduly privileges the APR-star in a definition that is supposed to apply to all compact objects. Indeed, it leads directly to the conclusion that the APR-star tidal deformability vanishes.
In the solution-dependent approach, the ambiguity is one choice of a preferred family of compact objects.
Size of the ambiguity
Since tidal deformability is well-defined in the Newtonian limit, the ambiguity must become less important as the star becomes less compact. We can therefore estimate the size of the ambiguity in terms of the stellar compactness C = M/R by considering the limit C → 0. Since k is the natural dimensionless parameter in the Newtonian setting, we can anticipate from simple analysis [e.g. Eq. (10)] that the relative size of the ambiguity will be of order C 5 . More formally, we can take the Newtonian limit by letting C → 0 at fixed M, E ij , andr ≡ r/R. This means that the radius of the star becomes large, R → ∞, but the observer stays a proportionate distance away. It is well known that for Newtonian stellar models the deformability λ scales like R 5 , so we assume that the Love number k ∼ ΛR −5 has a non-zero, finite limit. A valid Newtonian limit must use a coordinate r such that the Newtonian potential (6) is properly reproduced. The areal-coordinate, RWZ gauge solution (17) gives
Since there are no intervening powers ofr betweenr 2 andr −3 , we see that these coordinates properly reproduce the Newtonian limit. To understand the coordinate freedom we can write Eq. (21) as
which (using (22) with k = (3/2)ΛC 5 ) changes the Love number by
If the coefficients α i are simply numbers, then we recover the expected scaling C 5 of the ambiguity. However, in principle the coefficients can depend on the perturbation parameter C; this is the usual gauge freedom of perturbation theory. The requirement the Newtonian limit (25) be preserved gives only the mild restriction that lim C→0 α n C n = 0. For example, one could choose α 5 = C −4 without messing up the Newtonian limit. In this case the Love number changes by order C instead of C 5 , a much larger effect. However, this seems rather contrived as, in effect, the Love number changes its definition for each radius of star. If we add the stipulation to that the coordinates are to be defined from the geometry outside the star, † then the coefficients α 2 are fixed in the Newtonian limit, making the ambiguity again of the expected order C 5 . Having established that the coefficients α i should be fixed in the Newtonian limit, one can take these as order-1 numbers for estimating the actual size of the ambiguity. The statement is simplest in terms of Λ, which just shifts by products of the α i [Eq. (22) ]. These products might range from .1 to 10 in practice, so we can estimate the size of the ambiguity as:
Λ → Λ + (number of order .1 to 10)
For neutron stars, Λ typically ranges from ∼ 50 to ∼ 2000 (e.g. [27] ), so this ambiguity is potentially important only for the least deformable models. For black holes, the ambiguity is essentially order unity. The fact that Λ BH = 0 using the standard definition can be interpreted as stating that the tidal deformability Λ BH of a black hole is of order unity, as expected on dimensional grounds. More theoretical work is required before gravitational-wave observations can constrain properties of black holes or other very compact objects via their tidal deformability.
Tidal Deformability Differences
We have discussed two ways to fix the ambiguity, by adopting a preferred choice of coordinates or a preferred family of compact objects. I now propose a third way to view the ambiguity, which is really just a variation on the second theme. The key observation is that, while the metric of a tidally-perturbed star is (by definition) not asymptotically flat, the difference between the metric perturbations of two equal-mass objects subject † The areal coordinate r is defined intrinsically by the geometry outside the star, as is the mass M . Thus any coordinate r ′ = rf (r/M ) for smooth f can be considered defined by the asymptotic geometry.
to the same tidal field is asymptotically flat. To see this we return to (17) , which defines constants C 1 and C 2 for compact obects 1 and 2, both of mass M, whose tidal perturbations are encoded in metric perturbations 1 h near µν and 2 h near µν . Subtracting the perturbations gives
where we remind that the solution h ∞ µν is asymptotically flat,
The quadrupole moment of the perturbation difference δh near µν is thus unambiguous, and the "tidal deformability difference" is just
Having established the basic properties using a particular coordinate system, gauge, and set of basis solutions to the linearized Einstein equation, we can now state the definition invariantly as follows:
Consider the metric of a static, spherically symmetric body perturbed by an ℓ = 2, even-parity tidal field. Consider a second such metric for a different body of the same mass M in the same tidal field E ij . In a a neighborhood of infinity (i.e. outside the stars), these metrics take the form
where g Schw µν is the Schwarzschild metric. Since the background spacetimes are diffeomorphic, we may identify them unambiguously and consider the perturbations 1 h µν to live on the same manifold. Then we may construct a new metric by
The analysis above shows that there exists a gauge where the perturbation 21 h µν falls off like 1/r 3 . That is, 21 g µν is an asymptotically flat, vacuum solution to Einstein's equation (through first order in perturbation theory), and hence has a well-defined set of multipole moments. In particular, its mass quadrupole moment 21 Q ij is well defined. We say that this moment is the induced quadrupole difference associated with compact objects 1 and 2. The tidal deformability difference parameters are defined relative to 21 Q ij in the usual way [i.e., Eq. (3), (4), or (5)].
This definition has some nice features. First, its statement does not require the use of coordinates or a preferred solution to the linearized Einstein equation, making it immediately clear that it is free of the ambiguities discussed above. Second, it generalizes immediately to tidal deformability parameters associated with arbitrary multipoles [8, 12] , since the general structure of perturbations of Schwarzschild implies that the difference perturbation will still be asymptotically flat. It likely also applies to slowly rotating bodies (of the same mass and spin), or in general to two bodies with the same multipole moments. To confirm, one must verify (using Einstein's equation) that the difference metric is indeed asymptotically flat. This likely follows directly from the statement that solutions are uniquely characterized, in a neighborhood of infinity, by their multipole moments [28] .
Of course, this approach does not define the tidal deformability of a single body; instead it suggests that only the difference of deformabilities is meaningful. One could define the tidal deformability of single bodies by adopting an additional axiom, such as
The tidal deformability of a black hole vanishes.
This axiom, combined with the above definition of tidal deformability differences, reproduces the standard definition of relativistic tidal deformability [8, 11, 12] .
The Waveform
I have argued that the notion of relativistic tidal deformability is inherently ambiguous. The ambiguity can be fixed by adopting a preferred choice of coordinates or a preferred family of compact objects, but my personal choice is to focus only on the unambiguous difference in tidal deformabilities. Ultimately, however, the best definition is the one that best facilitates the process of linking of observable quantities to compact object microphysics. I now speculate on how the notion tidal deformability difference may be of use in determining equation-of-state effects on gravitational waveforms.
Consider a gravitational waveform generated from a compact binary system in the PN regime. That is, the members of the binary can be strong-field objects like black holes, but the orbital separation must be large, such that the typical velocity is much less than the speed of light. As a model, we can use a self-consistent PN waveform (up to some fixed order like 3PN) together with the replacement
where Q PN ij and E PN ij are the quadrupole moment and tidal tensor defined in the PN expansion. (Of course, one needs such a term for each of the two bodies.) Formally, these terms are of higher (5PN) order and should not be included. By including them we provide a definition of the tidal deformability Λ GW . This parameter can be measured for a given waveform by fitting to the PN model, as done recently by the LIGO collaboration [4] .
I have argued that this observable tidal deformability Λ GW is not guaranteed to agree with the tidal deformability Λ standard as normally defined and calculated, which makes use of a conventional choice with no obvious counterpart in the waveform model. Instead, I propose to reinterpret Λ standard as the (convention-independent) difference between the tidal deformability of the object and that of a black hole of the same mass. Although I cannot prove it, it seems clear that the PN waveform definition Λ GW corresponds to an allowed convention in this framework. In this case, the relationship to the standard deformability is simply
where Λ GW BH is the PN-defined tidal deformability of a black hole. One can then measure Λ GW BH , once and for all, by doing a high-resultion simulation of a binary black hole system in the PN (well-separated) regime and fitting the waveform to the PN model. The Λ GW for (say) a neutron star can then be computed from the standard tidal deformability together with Eq. (36), and the neutron star waveform, complete with tidal effects, can be generated with some confidence.
This strategy need not be limited to PN waveforms. The basic observation is that, when tidal deformabilities are included in a waveform model in a reasonable way, one can expect the ambiguity in relating back to the equation of state to be a single number that can be measured by fitting the model to a binary black hole waveform. This approach may help improve the the accuracy of current semi-analytic approaches (e.g., [29] [30] [31] [32] ).
Another promising approach is the "tidal splicing" method of Ref. [19] . The idea is to produce a neutron star waveform by adding tidal terms to a numerically-generated binary black hole waveform. In this case, the black hole tidal deformability is already included in the waveform, so the deformability parameters in the spliced terms represent the tidal deformability difference between a neutron star and a black hole. I have argued that the standard definition of tidal deformability corresponds to precisely this difference. Thus, the analysis of this paper suggests that the λ of Ref. [19] is equal to the tidal deformability as usually defined [8, 12] , lending support to the tidal splicing method.
